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Abstract 

We have studied the dependence of apparent contact angles on water drop size on a steel 

superhydrophobic coating positioned horizontally. The cotangent formula introduced earlier to 

link contact angles of drops of different sizes (masses) on a horizontal flat substrate has been 

subjected to verification. Drops with volumes 0.64 up to 30.53 μL have been pinned on 

samples of carbon steel St3, possessing a superhydrophobic coating. Pinning has been 

arranged in 6 series, each with 11 drops. Every next drop had a bigger volume, covering the 

previous drop so that their centres coincided. The contact line of a bigger drop has thereby 

subtended the substrate’s dry circumferential fragment. Every new series has begun on a new 

dry surface fragment. The Young–Laplace method has been employed to basically determine 

the apparent contact angles. Based on the cotangent formula, the deviation of contact angles 

calculated with the power law on the basis of statistically processed data, from those given by 

the cotangent formula with the theoretical power magnitude 1/6, has constituted within 

0.30%. Employment of the cotangent formula has been aimed to computationally determine 

hydrophobic and superhydrophobic features of a metal coating what is, in general, essential to 

prognosticate its durability. 
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1. Introduction 

In recent years, the research community has been actively conducting studies on corrosion 

protection of metals by means of hydrophobic and superhydrophobic coatings [1]. The 

definitions of hydrophobicity and superhydrophobicity involve the apparent contact angle 

of a liquid drop [2] when wetting the substrate. Although treatment of issues relating 
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pinning drops on surfaces including the drop shape and the surface factor appear to have 

been actual for more than two centuries, any satisfactory theory or, at least, a model does 

not seem to have yet been built [3, 4], responsible measurements of apparent contact angles 

still remain rather challenge than just a routine, there is a discrepancy between 

measurements and calculations of contact angles, the essentially nonlinear differential 

equation for the sessile drop shape [5] has been solved approximately rather roughly etc. 

Even the research community has just partly proved to be mature [6] regarding such core 

notions as wetting states, a substrate’s contact fragment and its dimension, and a contact 

angle [7]. A prevailing puzzler originates from energetics of the surface, complicated by 

typically irregular roughness of the latter. The contact contour is always tending to occupy 

contact sites in an energetically optimal way. Even for a drop on horizontal surface, local 

contact angles would differ along the contour of contact of the liquid with the substrate 

because of surface irregularities. Therefore, an average contact angle is usually 

conventionally judged when taking steps to somehow overcome such a misfortune. A 

contact contour as a circle in this case is certainly a mathematical idealisation overcoming 

the most perfect spline smoothing the contact sites. Thus, an essentially approximating 

treatment of the phenomenon is usual today with experimental as well as with theoretical 

outlook. 

Our model solution for the average contact angle  depending on sessile drop size on 

a horizontal flat substrate [8], called cotangent formula 

  
1/6

2 1 2 1cot cot /V V     (1) 

where V is the drop volume and subscripts 1 and 2 enumerate two different drops, was 

obtained in the limit of small drops and later acknowledged [9] by the authors of the 

originating nonlinear differential equation [5] treated. Taking the phenomenon of the drop 

size dependence of the apparent contact angle into account may lead to adjustments in the 

definitions of hydrophobicity and superhydrophobicity. 

The aim of the present work is to perform the first experimental estimate of how 

Equation 1 works in practice and what could be its reasonable domain in the terms of drop 

size. 

2. Experimental 

Samples of carbon steel St3 (composition, wt.%: C – 0.20; Mn – 0.50; Si – 0.15; P – 0.04; 

S – 0.05; Cr – 0.31; Ni – 0.23; Cu – 0.21; Fe – the rest) possessed a superhydrophobic 

coating fabricated in the Laboratory of surface forces at the A.N. Frumkin Institute of 

Physical Chemistry and Electrochemistry (Moscow). Texturing with a nanosecond IR laser 

and reduction of the surface energy by chemisorption of a hydrophobising agent were 

performed as described in [6] in more detail. 

To pin sessile drops and obtain drop images, tensiometer KRÜSS DSA25E was in 

use. The surface of the sample was preliminarily cleaned with ethyl alcohol. 66 drops of 
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bidistilled water with volume 0.64 up to 30.53 μL as determined by the tensiometer were 

pinned onto the metal substrate in 6 series. Within each series consisting of 11 pinnings, 

the drops appeared to have increasing volume and to be automatically so positioned as if 

they were pierced through their centres by the vertical axis. As contact angles depend 

geometrically on a contact line only, the contact lines of still increasing radius appeared to 

subtend a dry circumferential fragment of the substrate. Every new series was started on 

the next dry surface fragment. To determine the contact angle, the Young–Laplace method 

was used with permanent visual control of the wetting geometry and corrections to be 

introduced when necessary. The domain of apparent contact angles constituted 156.68–

170.45°. 

3. Results and Discussion  

The data were originally gathered in terms of drop volume and apparent contact angle. To 

apply Equation 1, they were re-calculated to 2 1/x V V  and 2 1cot coty      where 

subscript “1” denotes the smallest drop out of all drops pinned within the experiment. The 

results are presented in Figure 1. Our purpose was to pin and measure possibly many drops 

to statistically process the data. As, according to Equation 1, we sought for the power law  

 by x  (2) 

where power b equal to 1/6 according to the theory (Equation 1 and orange curve in 

Figure 1) was to be determined by the direct least square method applied for these variables. 

The minimization of functional 2( )b
i i iF x y    with respect to b resulted in Equation 

 2ln ln 0b b
i i i i i i ix x y x x    (3) 

easily solved numerically for the whole array of experimental data with the outcome 

b=0.178 (blue curve in Figure 1).  

 

Figure 1. Experimental check of the cotangent formula with Equation 2. For the statistical 

model with Equation 3, R2=0.9820 (blue curve). 
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Both curves diverge as they are expected to do. For bigger drops, the theoretical 

(orange) curve indicates smaller contact angles than those corresponding to the average 

experimental (blue) curve. This means, Equation 1 tends to underestimate contact angles. 

According to it, the contact angle for the biggest drop would constitute 167.840.11°, 

whereas the value according to Equation 2 with b=0.178 is 168.350.11°. 

The domain within which Equation 1 should be considered as effective essentially 

goes beyond the drop volumes considered in the experiment. Thus, the biggest relative 

deviation reached for big drops in Figure 1 constituted up to 4.5% what is equivalent to 

0.3% in terms of angles. With the experimental error level characteristic for the 

experimental data presented here, one could make the following evaluation of the domain x 

appropriate for the use of the cotangent formula: the divergence of the blue and orange 

cures in Figure 1 in the area of big x should not exceed the error of experiment. In the 

mathematical language, this has to have the form 

 1/6bx x    (4) 

where =0.22 in the experiment presented. With the value of b determined above, the 

cotangent formula domain appeared to be x<~6·102, according to Equation 4. 

4. Conclusions 

In the present work, we have undertaken an attempt to employ the cotangent formula [8] in 

Equation 1 in order to interpret experimental data for apparent contact angles depending on 

the size of water drops pinned on a horizontal flat surface. Experiments were performed 

with the drop size from 0.64 up to 30.53 μL, the contact angle spreading appeared to be 

within 156.68–170.45°. In the units of the smallest drop size (V2/V1) and related ratio of 

cotangents 2 1cot cot    of contact angles, the deviation of the statistically obtained curve 

(blue in Figure 1) from that theoretical (orange, with power b=1/6) constituted up to 4.5% 

(for the biggest drop, in terms of angles). This is equivalent to the relative deviation within 

0.3% in terms of angles. 
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