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1. Introduction
As a rule, the methods used for estimation of economic efficiency (E) of expenditures for
anti-corrosion measures (EAC) demand a comparison between the base and new variants in
terms of practical application and technology [1 – 3]. A number of factors must be taken
into consideration: productivity, safety, efficiency (for example, of corrosion inhibitors or
the preservation materials), functional characteristics of structural materials and the raw
material resources, the quality of the product being manufactured, and the time factor (in
particular, the guaranteed protection period). Undoubtedly, social factors, including the
estimation of changes in the ecological situation in the region, are very important. A
typical example of this approach is given in [1]. However, the concept using the base
variant (BV) includes inevitably subjective elements because this allows one to obtain a
result planned in advance (desirable) that is determined by the BV efficiency. An
intentionally underestimated BV would give a large economic effect, whereas a better
variant would decrease the latter.
A different approach is suggested in [4] in the form of an equation to calculate
economic efficiency E of anticorrosion protection
E = (Kdcl + Kicl) (1 – 1/k) – EAC,

(1)

where Kdcl and Kicl are the direct and indirect corrosion losses, respectively; k is the
efficiency coefficient of anticorrosion protection depending (in our interpretation) on the
conditions, the nature of the object being protected, the efficiency of the protective
technologies used, the professional skills of the anticorrosion service personnel; EAC are
the expenditures for the anticorrosion steps. According to (1), if k = 1, then E = –EAC, i.e.,
EAC were wasted. If k → ∞, E = (Kdcl + Kicl) – EAC.
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The authors of [4] disregard the functional dependence between EAC and k [5]. It
should be taken into account that the dependence between EAC and k is not linear because
it would contradict the decreasing returns law.
We suggest a method for estimation of the anticorrosion protection efficiency [6–8]
free of the above indicated drawbacks. Furthermore, it can in principle be used in many
other spheres of human activities. Let us consider it for anticorrosion protection as an
example.
2. Theory of the economic efficiency of anticorrosion measures
Let us express the relationship between corrosion losses and anticorrosion expenditures by
the equation:
Ktcl = Kscl + EAC,

(2)

where Ktcl and Kscl are true corrosion losses and strictly corrosion losses, respectively. EAC
are considered as part of the Ktcl. It reflects the genetic relation between EAC and Kscl and
emphasizes that, once used, they are lost as material resources for other spheres of
application. Under conditions of efficient anticorrosion protection, an increase in EAC
causes an essentially greater decrease in Kscl, i.e.
∆Kscl >> ΔEAC.
Taking into account that Kscl = Kdcl + Kicl, Eq. (2) tak es the form
Ktcl = Kdcl + Kicl + EAC

(3)

Kdcl includes the costs of materials and labour, replacement of corroded structures and
mechanisms or their parts, as well as the costs of re-protection (re-preservation). Kicl is
understood as losses due to equipment downtime, losses in product, a decrease in product
quality, and reduction in the power of machines and mechanisms. Sometimes Kicl cannot be
expressed in money terms (when it is a result of explosions or catastrophes resulting in
human fatalities).
In the simplest case:
K = (Kdcl + Kicl)/ Kdcl

(4)

Kdcl = f(EAC),

(5)

Further let us use the relationship
because Kdcl is estimated more easily than Kicl and Kscl. Taking Eq. (4) and Eq. (5) into
account, one can write:
Kscl = K f(EAC)

(5a)

The existence of this relationship is doubtless. It is evident that an increase in the
efficiency of anticorrosion protection decreases Kdcl. The simultaneous increase in the
protection efficiency causes an increase in EAC to a certain limit. However, beginning
from some EAC value, its further increase will negatively affect the E value.
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The form of the f(EAC) function along with Eq. (2) allow one to estimate economic
efficiency E and the decrease in Kdcl and Kicl as a function of EAC. Let us consider the
rather common case where the same consumer suffers losses Kscl and decreases them at the
expense of EAC, while the time interval between these values is small. Then E amounts to
E = Kscl0 – [K f (EAC) + EAC]

(6)

Here and below, the “zero” superscript indicates the values where EAC = 0.
The real relationship between E and EAC can be described by various functions
leading to qualitatively identical results if adapting coefficients are used. These functions
should be continuous and single-valued and should satisfy the following conditions:
1) if EAC = 0, then E = 0 and Kscl0 / Kscl = 1;
2) E < Kscl0 (mathematical formalism leads to E = Kscl0 in the limit, which is
theoretically unreachable).
3) A single maximum should exist.
The latter condition is obvious: the use of an efficient method of anticorrosion
protection leads to a E increase with increasing EAC, but E cannot be increased infinitely
(the decreasing returns law). Besides, increasing EAC does not lead to a constant E in the
limit. Such requirements are satisfied by the function:
0
Kscl = K exp(–k EAC / K dcl
)

(7)

0
0
The EAC/ K dcl
ratio reflects the anticorrosion expenditures expressed in K dcl
units.
The power function can be used:

0
Kscl = K ( K dcl
– EAC)k

(8)

0
At K dcl
= 1, Eqs. (7) and (8) get simplified:

Kscl = K exp(–k EAC)

(7a)

Kscl = K (1 – EAC)k

(8a)

Let us analyse the relationship between E and EAC taking Eq. (7a) into account. A
combination of (7a) and (6) gives:
E = K [1 – exp(–k EAC) – EAC/K]

(9)

dE/d(EAC) = Kk exp(–k EAC) – 1

(10)

d 2E/d(EAC)2 = –Kk 2 exp(–k EAC)

(11)

From Eq. 9:

d 2E/d(EAC)2 < 0 because K > 0 and the optimum anticorrosion expenditures EAC* are:
EAC* = (1/k) ln(Kk)

(12)
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However, it is only true provided that k > 0. If k < 0, then dE/d(EAC) < 0 in
accordance with Eq. (10) for any EAC and therefore function (9) has no extremum at these
k values. It should also be noted that the case k < 0 has no practical interest because it
corresponds to Kscl > Kscl0 , hence E < 0.
Using the sequential approximation method, one can obtain the value Q characterizing
the range of anti-corrosive expenditures, where E > 0: 0 < EAC < Q.
The first approximation gives:
QI = K [1 – exp(–Kk)].
The second approximation results in the expression:
QII = K {1 – exp(–Kk [1 – exp(–Kk)])}.
According to [9], K = 2.2 – 2.5, i.e. Kicl/ Kdcl = 1.2 – 1.5. The average K value within
Russia is close to 4 [10]. Table 1 shows the Qi values calculated from the i-th
approximation at K = 2.5 and 1 [10].
Table 1. Relationship between Q and k.
K

i-th
approximation

2.5
2.5
1.0
1.0

k
0.3

0.5

0.8

1.0

2.0

4.0

6.0

8.0

QI

1.32

1.78

2.16

2.29

2.44

2.48

2.50

2.50

II

0.82

1.48

2.06

2.25

2.48

2.50

2.50

2.50

I

0.26

0.39

0.55

0.63

0.87

0.98

1.00

1.00

II

0.08

0.18

0.36

0.47

0.82

0.98

1.00

1.00

Q

Q
Q

Point M on curve 1 in Fig. 1 corresponds to the optimum value of anticorrosion
expenditures. According to Eq. (12), EAC is a function of k. The relationship
d(EAC*)/dk = [1 – ln(K EAC*)]/(EAC*)2
allows one to estimate the most unfavourable anti-corrosion expenditures (EAC**):
EAC** = e/K. Let us designate the corresponding coefficient of protective efficiency as
kmax. It equals 1.09 and 1.24 at K = 2.5 and 2.2, respectively (points P and L in Fig. 2).
In the region where EAC* < EAC**, which corresponds to k < kmax (low-efficiency
anticorrosion protection), the optimum anticorrosion expenditures quickly decrease with
decreasing k. If the latter inequality acquires an opposite sign (transition to highly-efficient
anticorrosion protection methods), the decrease in EAC* with increasing protective
efficiency (E) of the method becomes comparatively small.
The value of k can be obtained by solving the reverse task if the value of E is known
at a known EAC. As a rule, the latter is always the case. Statement of such a problem is
entirely valid.
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Fig. 1. Plot of economic efficiency (E) of anticorrosion protection versus anticorrosion
expenditures (EAC). 1, k > 0; 2, k = 0; 3, k < 0.

Fig. 2. Plot of the optimum EAC* value versus the anticorrosion protection efficiency. 1, K =
2.5; 2, K = 2.2.

Using Eq. (9), one can solve a number of specific problems, for instance:
1. Estimate the values of expenditures of two different anticorrosion protection
methods where the E value is the same. To do so, one can easily obtain the following
equation:
exp(–k I EAC I) – exp(–kII EAC II) + (EAC I – EAC II)/K = 0

(13)

The upper indices correspond to protection methods I and II. If k I, kII and EAC I are
known, one can find the value of EAC II by numeric calculation from Eq. (13) with desired
precision without any difficulties.
2. Calculate the k value for a new protection method that allows an m-fold decrease in
EAC. At E = const, the following equation can be obtained:
kII = [(EAC II/K)(m – 1) + exp(–k I EAC II m)]/EAC II

(14)
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3. Calculate the value of anticorrosion expenditures allowing an m-fold increase in E
for the same anticorrosion protection method. Let us designate EAC II/EAC I = x. Then the
equation for the calculation is as follows:
[1 – exp(–k I EAC I) – EAC I/K] / [1 – exp(–k I x) – x/K] – m = 0

(15)

It can be easily solved by numerical calculation in dialogue mode. For example, to
increase E 1.5-fold at k I = 3, EAC I = 0.2 and K = 2.5, x = 2.2 (here m = 1/1.5).
The results of E calculation as a function of EAC are shown in Fig. 3. Curves 5 and 6
0
are in the negative E zone. However, E is negative with respect to K dcl
but positive with
0
respect to ( K dcl
+ Kicl0 ), i.e., the overall protection is economically justified. Figure 4 shows
how the form of suggested Kscl = f (EAC) relationships affects E – ЕАС plots.

Fig. 3. Plot of economic efficiency (E) of anticorrosion protection versus EAC. 1 – 4, with the
(Kdcl + Kicl) sum taken into account (K = 2.5); 5 – 8, with direct corrosion losses (Kdcl ) taken
into account, K = 1; 1, 5: k = 0.5; 2, 6: k = 1.0; 3, 7: k = 3.0; 4, 8: k = 10.0.

2.1. Application of the power function for the relationship between E, k and EAC
Based on Eq. (8a), the dependence of E on K, k and EAC has the form:
E = K[1 – (1 – EAC)k – EAC/K]
From Eq. (16):
dE/d(EAC) = Kk(1 – EAC)k–1 – 1
d2E/d(EAC)2 = –Kk(k – 1)(1 – EAC)k–2

(16)
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Fig. 4. Plot of economic efficiency (E) of anticorrosion protection versus EAC at K = 2.5 and
k = 3. Equations used for the calculation of Kscl = f (EAC): 1, Eq. (7a); 2, Eq. (8a); 3, Eq. (7b);
4, Eq. (8b).

At k > 1 and EAC ≤ 1, d2E/d(EAC)2 < 0. Therefore if an extremum is observed in the
indicated range of k and EAC values, then it is definitely a maximum. In fact, function (16)
has a maximum.
On the contrary, when k < 1 (low-efficiency anticorrosion protection) and EAC < 1, a
minimum is observed. By equating dE/d(EAC) to zero, one can obtain the dependence of
EAC* on K and k:
Kk(1 – EAC*)k–1 – 1 = 0
The relationship between EAC* and k is shown in Table 2.
Table 2. The relationship between EAC and k at K = 3.
k

0.3

0.5

0.7

0.9

1.1

2.0

3.0

4.0

6.0

8.0

10.0

EAC*

0.14

–1.25

–1.09

–2.06

1.0

0.83

0.67

0.56

0.44

0.36

0.31

The power function is less convenient for estimation of the economic efficiency of
anticorrosion protection because unambiguous calculations can only be performed in the
k ≥ 1 range only, i.e., where E is sufficiently high. If k is small, this function gives EAC*
values that lack physical meaning.
For a more accurate analysis, one ought to take the dependence of k on EAC into
account. In the simplest case, it is convenient to use the expression (1 + EAC)k instead of k,
which leads to the equations:
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Kscl = K(1 – EAC)(1+EAC)k

(17)

E = K[1 – (1 – EAC)(1+EAC)k – EAC/K]

(18)

If EAC ≤ 1, function (18) has a maximum (Fig. 4). The value of EAC* can be
obtained from the equation:
K 2k (1 – EAC*)(1 + EAC)k–1[–(1 + EAC*) + (1 – EAC*)ln(1 – EAC*) + 1] = 0,
where the left-hand part characterizes dE/d(EAC) multiplied by (–1). The k value can also
be calculated from Eq. (16) and Eq. (18) by solving the inverse problem. For this purpose,
it is easy to obtain relationships (19) and (20):
k = ln(K – E – EAC) / [K(1 – EAC)]

(19)

k = ln(K – E – EAC) / {(1 + EAC) ln [K (1 – EAC)]}

(20)

2.2 Taking the changes in corrosion losses into consideration
If the corrosion losses decrease m-fold (EAC ≠ 0), one can write:
m  Kscl0 / Ktcl

Combining Eq. (2) and Eq. (5a), one can obtain:
m = Kscl0 / [K f (EAC) + EAC]
0
Taking Eq. (7a) into account, we can write the base equation (as before, K dcl
= 1):

m = K[K exp(–k EAC) + EAC]

(21)

Use of Eq. (8) instead of Eq. (7a) or more accurate relationships
Kscl = K exp[–k EAC exp(EAC)]

(7b)

Kscl = K(1 – EAC)(1 + EAC)k

(8b)

m = K / [K(1 – EAC)k + EAC]

(22)

m = K / {Kexp[–k EAC exp(EAC)] + EAC}

(23)

m = K / [K(1 – EAC)(1 + EAC k + EAC]

(24)

leads to the equations:

As follows from Eq. (21): if EAC = 0, then m = 1; at k = 0 and EAC ≠ 0, m < 1, i.e. in
this case the corrosion losses increase with increasing EAC. From equality to zero of the
derivative dm/d(EAC) (Eq. (21)) one can obtain the dependence of the extremum point on
K and k that has a form of Eq. (12).
By differentiating Eq. (22) with respect to EAC, one can obtain:
dm/d(EAC) = –K[1 – kK(1 – EAC)k – 1/[K(1 – EAC)k + EAC]2,
whence it follows at dm/d(EAC) = 0:
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EAC* = 1 – (kK)1/(1 – k)
2.3 Taking inflation and deflation into consideration
Inflation has to be taken into account if there is a long time interval between the
anticorrosion expenditures and the observed economic effect. The value of K remains the
same in this case.
For instance, let E be estimated τ time units (months, years) later after the investment
of the EAC. Let us assume that the average inflation (deflation) coefficient during the
interval τ equals α. It is measured by portions of the expenditures and can be both larger
0
0
and smaller than zero. Then Kscl0 , K dcl
and Kicl0 change by ατ Kscl0 , ατ K dcl
, and ατ Kicl0 ,
respectively, over the period considered. Taking these values into account, Eq. (9) turns to:
E = (1 + ατ)K{1 – exp(–k EAC) – EAC/[K(1 + ατ)]},

(25)

whence it follows:
dE/d(EAC) = (1 + ατ)Kk exp(–k EAC) – 1
d2E/d(EAC)2 = – (1 + ατ)Kk2 exp(–k EAC)
The second derivative d2E/d(EAC)2 < 0 if (1+ ατ) > 0, i.e. for all inflation (α > 0) and
deflation processes (α < 0) as long as ατ < 1. Therefore, the extremum is a maximum under
these conditions and the optimum EAC value equals:
EAC* = f (K, k, α, τ)
From the condition dE/d(EAC) = 0 one can obtain:
EAC* 

ln[(kK (1  ατ) ]
k

It is also desirable to take estimates of α within shorter time intervals into account.
Then Eq. (25) takes the form:
E = (1 + α1τ1 + …. + αiτi)K{1 – exp(–k EAC) – EAC/[K(1+ α1τ1 + …. + αiτi)]}, (26)
where τ = τ1 + …. + τi.
To obtain more precise relationships, compound interest has to be used. Then Eq. (26)
turns into Eq. (27):
E = (1 + α)τK{1 – exp(–k EAC) – EAC/[K(1 + α)τ]},
whence it follows:
dE/d(EAC) = (1 + α)τ Kk exp(–k EAC) – 1
d2E/d(EAC)2 = –(1 + α)τ Kk 2 exp(–k EAC)
In this case d2E/d(EAC)2 < 0 as long as α > –1 under deflation conditions.
EAC* 

ln[(kK (1  α)τ ]
k

(27)
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If α << 1, one can obtain after expanding the function (1 ± α)τ and eατ in series:
(1 ± α)τ = 1 ± ατ, eατ = 1 ± ατ, then (1 ± α)τ = eατ.
Then Eq. (27) takes the form:
E = exp(ατ)K{1 – exp(–k EAC) – EAC/[K exp(ατ)]}
and
EAC* 

ln[kK exp( )]
.
k

Conclusions
The suggested method for the estimation of the economic efficiency of anticorrosion
protection is solely based on the quantities available to a consumer performing a systematic
calculation of revenues and anticorrosion expenditures. This method allows one to estimate
the efficiency of the anticorrosion protection methods already used or suggested, including
the use of corrosion inhibitors, for industrial application.
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